It is possible to calculate precisely the theoretical eigen-frequencies of any Earth model which is non-rotating, spherically symmetric, and which has an isotropic static stress field and an isotropic dynamic stress-strain relation. In this paper Rayleigh's principle is used to provide a formalism which allows the approximate computation of the normal mode eigenfrequencies of any Earth model which is slowly rotating and slightly aspherical and anisotropic. This formalism is used to compute, correct to second order, the effects of the Earth's angular rotation, and correct to first order, the effects of the Earth's ellipticity of figure on the normal mode eigenfrequencies. It is found that for an arbitrary poloidal or toroidal niultiplet, the central (m = 0) member of the multiplet is shifted slightly in frequency and that the other members of the multiplet are split apart asymmetrically by the effects of the Earth's rotation and ellipticity. The results may be used to make a preliminary correction for rotation and ellipticity to the Earth's raw normal mode data.
Introduction
The elastic-gravitational normal modes of the Earth have been excited by major earthquakes and observed on various low-frequency seismological instruments. Records of these observations can be used to measure the angular frequencies of oscillation of the Earth's normal modes. In recent years it has also become possible, using high-speed computers, to calculate quickly and precisely the theoretical angular frequencies of oscillation of the elastic-gravitational normal modes for a large class of Earth models; namely, for any model having the following characteristics:
(1) the Earth model is spherically symmetric;
(2) the angular velocity of steady rotation is zero; (3) the dynamic stress-strain relation at every point is perfectly elastic, and (4) the static stress field in the equilibrium configuration is at every point isoAny such model of the Earth will be called a SNREI (spherical, non-rotating, elastic, isotropic) Earth model. For the purpose of computing the theoretical eigenfrequencies, a SNREI Earth model of radius a can be completely characterized by three functions of r, the radial distance from the centre. These three functions are the density po(r), the bulk modulus Ic(r), and the shear modulus p(r), the latter two furthermore is isotropic; tropic. 329 being the in situ elastic parameters appropriate to the hydrostatically compressed state of the material.
The 'attention of many geophysicists has now turned toward investigations of the so-called normal mode inverse problem. In the most general sense, this is the problem of enumerating and exploring the collection of all possible, not necessarily SNREI Earth models, whose theoretical eigenfrequencies are in agreement with the measured eigenfrequencies of the real Earth. Before attempting such a problem it is essential to have a knowledge of the precision of the normal mode data.
Probably the major source of error in the data is the presence in the records of various types of noise: instrumental noise, stationary and non-stationary seismic noise, and noise introduced by the methods of data analysis. Another possible source of error arises from the fact that a time series of the Earth's free oscillations is not in general a record of a single impulse response of the Earth, but rather represents the response of the Earth to a main shock as well as to a series of foreshocks and aftershocks. The manner in which the presence of an aftershock sequence can affect the measurement of the eigenfrequency and the Q of a normal mode has been investigated by Press (1966 Press ( , 1967 . Press (1967) found that if a record is analysed as if it were a single impulse response, then this effect could lead to an error in the measurement of the eigenfrequency of a normal mode of about 0.1 per cent. This effect should certainly be recognized in future analyses of the data. Another factor which could greatly affect the precision of the data is the possibility of mode misidentification. Some mode-identifying criteria can be obtained by observing correlations among several records at one station (various components of strain, gravity, and tilt) (Gilbert & Backus 1965) , and these have been utilized (Smith 1966; Nowroozi 1966) . Further mode-identifying criteria would of course be provided by any future world-wide array of low-frequency seismological instruments (Gilbert & Backus 1965) .
The real Earth is of course not a SNREI Earth model; in fact all of the assumptions (1)-(4) are false for the real Earth. However, because of the very large extent of the non-uniqueness in the inverse problem (Backus & Gilbert 1967) , and because of the relative mathematical simplicity, it is customary to include only SNREI Earth models in inverse problem calculations. In this case the fact that the real Earth is not a SNREI Earth model may be looked upon as one of the factors affecting the precision of the raw data. If it is desired to compare the raw normal mode data to the theoretical normal mode data of various SNREI Earth models, then the raw data may be looked upon as contaminated by the asphexicity, rotation, and anisotropy of the real Earth. It is desirable to try to remove as much of this contamination as is possible. At the present time of course, this contamination cannot be completely removed because very little is known about the Earth's anisotropies and deep inhomogeneities.
The deviations from sphericity and isotropy of the real Earth are probably small enough that they only slightly perturb the theoretical calculations of the normal mode eigenfrequencies. As a first step toward a correction of the raw normal mode data, it is necessary to gain a general idea of the kind of effect that the Earth's slow angular rotation and small asphericities and anisotropies will have on the theoretical eigenfrequencies of an arbitrary SNREI Earth model. It is customary to use the following notation for the normal modes of a SNREI Earth model: .S;l denotes the nth overtone of a poloidal mode characterized by a sphericai harmonic xm of degree I and order m y while "q"' denotes the nth overtone of a toroidal mode characterized by x'". In this paper y;" will denote the fully normalized complex surface spherical harmonic P;" (cos e) eim* where 0 is the colatitude and 4 is the longitude. This normalization is such that where S is the surface of the unit sphere. Here Z and IZ can take on all non-negative integral values, while rn takes on all integral values between -I and 1. For a fixed 1 and n, all the 21+ 1 poloidal modes $7 of a SNREI Earth model have the same angular frequency .of, while all the 21+ 1 toroidal modes ,,T,"' have the same angular frequency ,,COT. The angular frequencies ,,up and are said to be 21+ I-degenerate;
i.e. associated with every eigenfrequency ,,of or of a SNREI Earth model, there is a 2Z+ 1-dimensional eigenspace. The 2Z+ 1 modes ,,SF of a SNREI Earth model will be called the poloidal multiplet ,,&; the 2Z+ 1 modes .T;" will be called the toroidal multiplet ,,T. The effect of slow rotation and small asphericities and anisotropies is to remove the degeneracy of a multiplet ,,SI or .T, by selecting certain elements of the 21 + 1 dimensional eigenspace and shifting their eigenfrequencies by various small amounts. If the deviations from sphericity and isotropy of the red Earth are indeed small, then perturbation techniques can be used to compute their effect. In this paper, Rayleigh's variational principle governing the small oscillations of an arbitrary conservative system about an equilibrium configuration is used for this purpose. If a SNREI Earth model is varied slightly to produce small asphericities and anisotropies, and if it is desired to view the normal mode displacements with respect to a coordinate system rotating with the Earth, then Rayleigh's principle can be used to compute approximately the normal mode eigenfunctions and the eigenfrequencies of the resulting non-sNREi Earth model. As well as allowing corrections to be made to the raw normal mode data, the theory of the normal modes of slightly non-sNREr Earth models reveals other interesting features which should be visible in the data.
Investigations of the effects of rotation and asphericity on the normal modes of rotating bodies have been made by several authors. Love (1889) and Bryan (1889) studied the gravitational modes of a rotating homogeneous, incompressible liquid MacLaurin ellipsoid. Cowling & Newing (1949) used a form of Rayleigh's principle, and Ledoux (1951) used perturbation theory to investigate the oscillations of rotating stars composed of compressible fluid. These authors neglected the aspherical shape of the equilibrium configuration caused by the rotation and studied only the effects of the Coriolis force on the small oscillations. Chandrasekhar & Lebovitz (1962) used a tensor form of the virial theorem to make a study of the small oscillations of a rotating mass of compressible fluid about its aspherical equilibrium configuration.
Their method allowed an investigation only of the normal modes of degree Z < 2.
Investigations of the effects of the Earth's slow angular rotation on the poloidal and toroidal normal modes of a SNREI Earth model were made independently by several authors soon after the Chilean earthquake of 1960. Backus & Gilbert (1961) , MacDonald & Ness (1961) , and Pekeris, Alterman & Jarosch (1961) used perturbation theories to show that the first order effect of a slow rotation is to shift slightly the eigenfrequency ,,of or ,,w? of a normal mode ,SF or ,,Tm of a SNREI Earth model. For an Earth model rotating with a steady angular velocity a, the modes ,,S;t and , , Xrn have, respectively, the angular frequencies rotational perturbation to the eigenfrequencies will produce a relative shift of about ( S r / ,~r s )~ or (Q/,uI:)~, and for the lower order modes this can amount to about 0-1 per cent. It can be shown that the second-order rotational correction does act to shift the eigenfrequency of the m = 0 mode. A method for computing the second order rotational correction is given by Backus & Gilbert (1961) , and results of the actual computation are presented in the present paper in Tables 1-3 (see Section 3 , equations (25) and (26)). The largest deviation from sphericity of the real Earth is the equatorial bulge; the shape of the Earth is very nearly that of an ellipsoid of revolution with an ellipticity equal to 11298.3. It may be expected that this deviation from sphericity will produce a relative shift of the eigenfrequencies of a SNREI Earth model by an amount of this order, i.e. approximately 0.3 per cent. Usami & Sat6 (1962) , using ellipsoidal coordinates, computed the first-order effects of small ellipticity on the toroidal normal modes of' a homogeneous, elastic, non-gravitating spheroid. Caputo (1 963) studied the effects of small ellipticity on the toroidal modes of two simple Earth models: one a homogeneous spheroid, the other consisting of a homogeneous shell, limited inside by a sphere and outside by a spheroid. In the present paper, it is shown how to compute the effects of small ellipticity on the normal modes of an arbitrary SNREI Earth model. Another obvious deviation from sphericity of the real Earth is the differences between continental and oceanic crustal structures. For various reasons, many investigators feel that lateral variations in density and elastic parameters extend to depths of hundreds of kilometres into the upper mantle. Toksoz & Ben-Menahem (1963) and Toksoz & Anderson (1966) have measured phase velocities of mantle Love and Rayfeigh waves and have detected small variations (about one to two per cent) between different paths. Their data were partially corrected for the effect of the Earth's ellipticity in that they measured path lengths on an ellipsoidal rather than on a spherical Earth. If the variations in phase velocity for different paths are ascribed solely to regional heterogeneity, then their data reveal that for fundamental normal mode multiplets or oT,, with 1 greater than about 25, the perturbing effect of regional heterogeneities is greater than that of the Earth's ellipticity.
The existence of mountains on the surface of the Earth gives positive proof that the static (or secular) stress field in the Earth is not purely hydrostatic, at least not in the upper regions of the Earth. Recent satellite measurements of the low order terms in the expansion of the Earth's gravitational potential (King-Hele 1965; Guier & Newton 1965; Kaula 1966) reveal that there are small deviations from hydrostatic equilibrium in the Earth on an even much larger geographic scale than that of mountain ranges (Jeffreys 1963; MacDonald 1966) . There is evidence from seismic refraction surveys at sea that, at ieast in the upper mantle directly below the crust, the dynamic stress-strain relation is slightly anisotropic (Hess 1964; Backus 1965; Raitt et al. 1968; Morris et al. 1968) . At the present time, no detailed information is available concerning the spatial variation in the Earth of either of these deviations from isotropy. Thus although a theory is provided in this paper which allows the computation of the effects of small anisotropies on the eigenfrequencies of a SNREI Earth model, no detailed calculations are made.
Section 2 of this paper uses Rayleigh's principle to provide an explicit formalism which can be used to compute to first order the small changes in the eigenfrequencies ,,or or ,,w,T of any SNREI Earth model due to a slow angular rotation and small but otherwise arbitrary deviations from sphericity and isotropy. In Section 3 this formalism is used to compute to first order the effects of rotation and ellipticity on the normal modes of three realistic SNREI Earth models. Clairaut's theory is used to compute the ellipticity of figure of the rotating Earth models. The second-order rotational perturbation to the eigenfrequencies is also computed for the same SNREI Earth models. Results presented in Section 3 may be used as a preliminary correc-tion for rotation and ellipticity to the Earth's raw normal mode data. Other interesting features of the normal modes of non-smEI Earth models are discussed in Sections 4 and 5.
Theory
Consider an Earth model which consists of a self-gravitating continuum occupying an arbitrary bounded volume V with surface 8K and which has a steady angular velocity of rotation ! 2 about its centre of mass. Assume further that in the equilibrium state of steady angular rotation there is a static, in general non-isotropic stress field To. Assume further that the continuum comprising the body is perfectly elastic but that the dynamic stress-strain relation at every point is not necessarily isotropic. Such a body can, of course, undergo small oscillations about the equilibrium configuration. Let p o denote the density and 4o the gravitational potential of the body occupying the volume V. Let e'"S(r) be a possible displacement field for an elastic deformation of the body, and elot 41 (r) the associated disturbance in the gravitational potential, both measured with respect to the reference frame rotating with angular velocity Then if the displacement is considered small so that terms of second order in S may be neglected, the equations of motion for an elastic-gravitational mode of such a body may be written, in the rotating coordinate system, as: about the centre of mass.
(S .VZ,) (2)
and V2+, = 4nCp1.
In equations (2), p1 = -V. (po S) is the change in density due to the displacement, rl/ is the rotational potential due to the centripetal acceleration
and z0 is the static stress deviator = To-+(trTo) I
where I is the second-order identity tensor. The second-order tensor E is the (Lagrangian) elastic stress tensor. At any point r in the body and to first order in the displacement field S, E is related to S by the linear elastic parameters appropriate to the compressed state of the material at r. The components of E relative to an arbitrary Cartesian axis system g1, ftz, 2, in the rotating reference frame may be expressed in terms of the components of S in the following manner (Biot 1965 ). 
where akl = $(a, S,+a, S,), and r i j k l are the elastic parameters, themselves the components of a fourth-order tensor which will be called the stress-strain tensor. The last two terms on the right arise because the displacement field acts to rotate the static stress field; they only occur if the static stress field is non-hydrostatic. The equations (2) must be solved relative to certain boundary conditions which are to be applied on the undeformed boundaries of V, both on the external boundary aV and on any internal discontinuities (e.g. a mantle-core discontinuity). These boundary conditions are (Alterman, Jarosch & Pekeris 1959; Backus 1967 It is first convenient to note that the second of equations (2) where the second integral is over the surface aV of the volume V, and where S(r, r') is the Green's function 9(r, r') = l/lr-r'l. Now let 9' be the vector space consisting of all piecewise twice-continuously differentiable vector fields on V. On 9, an inner product is defined in the following manner. For any two members u, v of 9, (ti, v) is defined as To indicate that the inner product terms in equation (7) are in fact bilinear functionals defined on 9, the following notation will be used:
It is also convenient to write X ( S , S) as a sum of three bilinear functionals, Equation (12) is in fact Rayleigh's principle for a non-rotating mechanical system. The term w29-(S,S) is twice the kinetic energy of a disturbance S, while V ( S , S)+B(S, S) is twice the potential energy of the disturbance. The kinetic energy of a disturbance is thus equal to the total potential energy. The potential energy term V ( S , S) includes elastic energy, gravitational energy, and work done against hydrostatic pressure, while the term B(S, S) represents the work done against the deviatoric part of the static stress field. If equation (12) is regarded as defining a bilinear functional o2 of S , then Rayleigh's variational principle states that that functional is stationary to first order in an arbitrary small variation in S if and only if S is the displacement field of a normal mode of oscillation whose angular frequency is w. Equation (1 1) for a rotating Earth model also expresses an equality between kinetic and potential energies, but there are extra kinetic energy terms because of the rotation. Also, since the operator isZ x is Hermitian, as is the operator H , there is a variational principle similar to Rayleigh's principle contained in equation (1 1). The bilinear functional of S on the left-hand side of equation (1 1) is stationary to first order in an arbitrary small variation in S if and only if S is the displacement field of a normal mode of oscillation of the rotating Earth model whose angular frequency is o. This can be seen by considering an arbitrary small variation 6s in equation (11). In doing so it is necessary to remember that equation (11) is equivalent to equation (7), and that the operators H and iS2x are Hermitian; it is convenient actually to consider a small variation 6 S in equation ( Equation (14) gives explicitly the first-order change in the angular frequency of any normal mode of a SNREI Earth model due to a non-zero angular rotation $2, due to a non-zero static stress deviator z0, due to any deviation 6po, &Po, 8~, 6 p from sphericity (the variations 6po, 6&, 6~, 6 p can be functions of r alone; they need not be deviations from sphericity), and due to a slightly anisotropic stress-strain tensor rijal. Note that the small change due to the rotationaf potential $, which is really a term of second order in R, has the same form as a perturbation ~3 4~.
The situation is complicated because of the fact that an angular frequency ,,o: or of a SNREI Earth model is 21+ 1 degenerate; i.e. there is a 21+ 1-dimensional subspace , 9 ' : or , , 9 ' : of 9, any element of which is a possible eigenfunction associated, respectively, with ,,of or In order to carry out computations, it is necessary to select a particular orthonormal basis of this subspace $ ' : But the b' are arbitrary, so the perturbation problem for a degenerate multiplet ,,S1 or "T, reduces to an eigenvalue problem in the 21+ 1 dimensional subspace , , 9 ' : or .YT; this may be written in terms of a Hermitian 21+ 1 dimensional matrix R.
where
Rij = 6V(Si, S j ) -0 2 6 F ( S i , Sj)+20W(si, S,)+B(S, S,)+Y(S, S,). (17)
The bilinear functional Y(S, S ) has been retained at this stage even though it is of second order in (Q/w) in order to assure that R , is Hermitian. For any small variations a, T~, dp,, &$o, 6~, 6 p , y&, the ( 21+ 1 
. 1).
Then the normal modes of a slightly non-sNm Earth model can be characterized in the following way. To zeroeth order in the small variations, the normal mode eigenfunctions are and to first order in the small variations the associated squared eigenfrequencies are wz+ ( 6 0 2 ) k . The above notation assumes that none of the eigenvalues of R is degenerate, which implies that the degeneracy of ,,of or ,,o: is completely removed by the perturbations. Backus & Gilbert (1961) showed that the effect of rotation alone is sufficient to remove the degeneracy completely. If the degeneracy is not completely removed, then the eigenvalues of R in equation (16) will not all be distinct; any eigenvalue which is not distinct will have an associated eigenspace with dimension greater than one.
Written out in full, equation ( Except for the terms in Q, r0, and y&, equation (18) is given by Backus & Gilbert (1967) . Also the contribution from the term in Q is the same as that derived by Backus & Gilbert (1961) using the perturbation theory of Hermitian operators, and by Jarosch (1961) and MacDonald & Ness (1961) . If the change in the SNREI Earth model is such that the location of a discontinuity in po, K, or p is moved, then a term must be added to the right-hand side of equation (18) (19) is over the surface Sb defined by r = by and is the change in the gravitational potential due to the fact that the discontinuity in p o is moved from r = b to r = b+h. If the perturbation of the SNREI Earth model includes the variation of the locations of any discontinuities (including the surface aV), then terms as in equation (19) must be included in the definition of 6Y(Si, Sj) and 6 F ( S i , Sj) in equation (17).
Results
Equations (16) and (17) define an eigenvalue problem which, when solved, allows one to compute to first order corrections to the squared eigenfrequencies of the normal modes of an arbitrary SNREI Earth model due to a slow angular rotation and small asphericities and anisotropies. The main goal is to use this formulation to correct the raw normal mode data of the real Earth. The first step in this programme will be to compute corrections to the eigenfrequencies of several SNREI Earth models which are thought to be fairly good approximations to the real Earth. In this paper the SNREI Earth models used as the starting points of the computations all have theoretical eigenfrequencies which agree well with the Earth's raw normal mode data.
By far the largest deviation from sphericity in the Earth is the ellipticity of figure. It will be assumed that, at least for low order normal modes, the angular rotation and the ellipticity of the Earth are the dominant perturbations. For fundamental modes of higher angular order, for which the displacement S is very small in the deep interior, this assumption is probably false. Presumably it is the perturbing effect of lateral inhomogeneities in the crust and upper mantle which will predominate when the displacement S is confined to a region near the Earth's surface. Various techniques have been used to estimate the maximum or the average value of the static stress deviator within the Earth (Jeffreys 1959; Kaula 1963; MacDonald 1966) , and most investigators feel that stress differences rarely exceed lo* dyne-cm-'. If the average stress difference in the upper mantle is on the order of lo8 dyne-cm-2 (which is about lom4 times the average mantle rigidity modulus of a typical SNREX Earth model), then the perturbing effect of a deviatoric stress on the Earth's eigenfrequencies can probably be neglected with respect to the effect of the ellipticity. Almost nothing is known about the presence of an anisotropic stress-strain relation in the Earth, so at the present time it must be assumed that this correction is small as well. It is partly because of a lack of information about the Earth's anisotropies and deep inhomogeneities, and partly because of the relative mathematical simplicity that in this paper only the effects of the Earth's rotation and ellipticity are computed. The effect of the distinctions between continental and oceanic crustal structure could also be treated (though it will not be in this paper), but relatively little is known about the vertical extent of lateral jnhomogenitiies in the mantle.
The small variations necessary to produce a rotating, elliptical Earth model starting from an arbitrary SNREI Earth model can be easily enumerated. In the rotating body, define a spherical coordinate system (r,O, 4), 8 being the colatitude, with centre at the centre of mass of the body and the 2 axis along the direction Q of steady angular rotation. The equations defining the surfaces of constant density in a slightly elliptical Earth model may be written, to first order in the ellipticity, as (Jeffreys 1963) reveals that the theory is not quite valid for the Earth. The real ellipticity of the geoid E, is 1/298*3, while the surface ellipticity the geoid would have if the Earth were in hydrostatic equilibrium is 1/299-8. The conclusion is that there must be a small non-hydrostatic stress field (a part of the zo in equation (18)) which acts partially to support the Earth's equatorial bulge. Various hypotheses have been put forward to explain the origin of this small stress field (Jeffreys 1963; Munk & MacDonald 1960; Wang 1966; McKenzie 1966) . For the present purpose it is sufficient to know that its magnitude will be small, and that the error committed in using the Radau ellipticities for the computation of the shift of an eigenfrequency due to ellipticity will also be small (about [1/298*3 -1/299.8], or about 0.0016 per cent).
Radau's approximation gives the ellipticity E(r) as a function of depth for an Earth model with density po(r), mean radius a, and angular rotation ]Ql = a: let Po be the mean density and let where po'(r) denotes -
dpo(r) dr
The expression (21) for 6po is not valid wherever the derivative po'(r) does not exist, in particular at any jump discontinuity in po(r). Since $o(r) is continuous and differentiable for any SNREI Earth model, the expression (21) for &jo is valid everywhere. The 6+o in equation (21) is only that due to 6po and does not include $, the gravitational potential. If it is further assumed that the elastic moduli are constant on the same elliptical surfaces as the density and gravitational potential (this is the assumption made in correcting body wave travel time data (Bullen 1963) ) then one can also write
If the SNREI Earth model under consideration has a surface of discontinuity in K, p, or po at r = by then the ellipticity is such that this surface of discontinuity is moved to r = b+h(O) where
The effect of moving the discontinuities on the perturbation computation is given in equation (19), except that in this case the volume integral in equation (19) is not used, as the in equation (21) includes the effect of slightly varying the position of any discontinuities in density.
The small variations in po, +o, JC, p and in the locations of discontinuities necessary to produce from an arbitrary SNREI Earth model a rotating, elliptical Earth model are enumerated above, and Rayleigh's principle can be used to find to zeroeth order the eigenfunctions and to first order the eigenfrequencies of the more complicated system.
To do this it is necessary to select an orthonormal basis of every 21 + l-dimensional degenerate eigenspace ,,Yf or ,,Y: associated with, respectively, ,,of or ,,a:; it turns out that the natural choice of basis is very convenient for the problem of a rotating, elliptical Earth. The natural basis of a subspace ,,Yf or , , 9 :
consists of the 2E+ 1 vectors .S;t defined so that each is characterized by only one spherical harmonic T"'(O, +), defined with the 2 axis along the direction of the angular rotation vector S 2 (this is also the axis of greatest inertia). This is the basis that arises naturally in determining the eigenfunctions of a In Appendix A, it is shown how to evaluate the volume integrals on the right-hand side of equation (23) in terms of the scalar functions ,,U,(r), ,,V,(r), and ,,W(r) which characterize the eigenfunctions ,,SF. It is found that the combined action of rotation and ellipticity completely removes the degeneracy. The term iQ(,,Sr, 2 x ,,SF) on the right-hand side of equation (23) represents the first-order effect of rotation alone, while the other term represents the first-order effect of the ellipticity. It will be recalled that the first-order effect of rotation alone is to remove the degeneracy completely by a symmetric splitting of Zeeman type, as in expression (1). The ellipticity causes the splitting to be asymmetric; for an Earth model which is ellipsoidal as well as rotating, the spacing between the eigenfrequencies of a multiplet ,,S, or .T, will not be uniform. In fact, it is shown in Appendix A that the eigenfrequency ,,or of a normal mode ,,S;t or ,,II;'" of a rotating ellipsoidal Earth can be written, correct to first order in E,, and (Q/,,o,"> or (Q/,,o,'> as
The superscript r indicates a parameter depending only on the rotation Q, while the superscript e indicates a parameter depending on the ellipticity. The effect of rotation alone is of the form while the effect of ellipticity alone is of the form n(6w);I/nwt = mz n~t ) &a* Usami & Sat6 (1962) pointed out that ellipticity acts to split a 21+ 1-degenerate toroidal eigenspace ,,Ti of a homogeneous, non-gravitating, Earth model into Z+ 1 lines; this is in agreement with the above result.
For the Earth it is found that for a few low-order normal modes, the second-order perturbing effect of the Earth's rotation is as important as the first-order perturbing effect of the ellipticity. One effect on an eigenfrequency .ol+.(Sw);I which is of order (Q/,,mf)2 or (Q/,,O?)~ is the effect of the rotational potential $; another term of order (Q/J$)~ or (Q/,o,')' arises from the second-order rotational perturbation theory of Backus & Gilbert (1961) . This theory is valid even in the case when ellipticity as well as rotation is considered, since in either case the degeneracy is completely removed to first order. The net effect of all the second-order rotational theory is to impart to all eigenfrequencies ,,wl+,,(Sw);t a small additional shift which will be denoted by ,,(602)r. As stated above, the effect of the rotational potential where ,,(clr);t = mQP{) and where ,,(S,');t is the first-order rotational correction to the eigenfunction. This correction to the eigenfunction is the unique particular solution of the non-homogeneous equation 
such that (,,S]", .(Slr);t) = 0, where Z is the identity operator and where H , is that Hermitian linear operator such that the equation H , S = po o2 S defines the normal mode eigenvalue problem in the unperturbed SNREI Earth model. In order to compute n(6w{)r, equation (27) must first be solved for ,,(S[);t and then the volume integral in equation (26) evaluated. The details are straight-forward and will not be given. Note that Backus & Gilbert (1961) have two extra terms in their expression for ,,(vg);t. One of these terms is identically zero and the other arises because they have used a Lagrangian formulation of the equations of motion.
The net result of all the second-order rotational theory is that the additional frequency shift ,(SwZ)? = ,,(&~~~)f+,,(6w,')," is of the form n(6Wz)T" = Gtxr'+ nz2 nr;) ( Q / n a J 2 * (28) Thus correct to first order in and to second order in (Q/,,w,S) or (Q/,w;), a normal mode ,S," or .T;" of a rotating, elliptical Earth model has an angular frequency of oscillation given by
The second-order effect of the rotation contributes to the asymmetry in exactly the same manner as does the ellipticity. Tables 1-3 give values of the splitting parameters pl, ,$[ and ,,yI for several low-order poloidal and toroidal modes for three SNREI Earth models. The models used are model 1 of Backus & Gilbert (1967) , and models G1 and Q1 of . All three of these models fit the observed raw fundamental normal mode data in the period range 1.4 to 53.9 min with an r.m.s. relative error of less than 0.3 per cent. All three of these are continental models, and none has a solid inner core; all have the correct mass M and moment of inertia C = MaZ. Several other SNREI Earth models which also fit the raw normal mode data have been found (Anderson 1965; Landisman, Sat6 & Nafe 1965; Pekeris 1966; Bullen & Haddon 1967; Press 1968) . The splitting parameters ,p, and are of course dependent upon the properties of the SNREI Earth model used. For example, for the three particular SNREI Earth models used in this paper, the splitting parameters listed in the tables differ in some instances by as much as 20 per cent. Fig. 1 gives a schematic representation of the computed asymmetrical line spacing in the spectra of several low-order multiplets for model 1. In the spectrum of the real Earth, all lines appear as broadened peaks because of the dissipation (and because of the finite record length). However, for all modes shown in Fig. 1 , the splitting is sufficiently greater than the broadening that it should be possible to completely resolve all the peaks. All but ,,T, and , S , have been partially resolved by Slichter (1967) . A few low-order modes have been partially resolved by several investigators, but discrepancies between individual measurements are about as great as computed asymmetries due to ellipticity and rotation. At the present time, contamination of the data by various types of noise seems to limit severely the quality of the measurements. Fig. 2 shows the results of one of the analyses of data for the ,,SZ quintet (spectrum from Smith (1961)). The record used was collected after the Chilean earthquake of 1960 on a Benioff quartz strain gauge located at Isabella, California. Smith took two relatively long portions of the record (about 15 days and 30 days), multiplied by a proper fading function and computed the Fourier transforms of these two portions. The shorter record was virtually free of large aftershocks. Fig. 2 is the result. The three highest peaks can with reasonable certainty be identified as, from left to right, m = -1, m = 0, and m = 1. Note that a measurement between the m = If: 1 peaks allows one to determine 2, P I , and a measurement of the spacing between m = 0 and m = 1 or m = 0 and i n = -1 then allows one to determine
The parameter ,,al cannot be measured from the raw data as it represents the amount by which the entire multiplet is shifted; only ,,al (1 +,a,) can be measured. z the theory for model 1 and the data is certainly well within probable experimental error. The fact that the data is rather severely contaminated by noise may be seen from the fact that the three peaks do not have the symmetrical shapes of typical resonance peaks. The quintet ,S2 has also been partially resolved by Slichter (1965 Slichter ( , 1967 , using data collected on Lacoste gravimeters after the Alaskan earthquake of 1964. Slichter (1967) lists the positions of the centres of the peaks m = -2, m = -1 and m = 1 as recorded by two different gravimeters, both located at UCLA. If the means of the values indicated by the two records are taken, it appears from this data that there is no measurable asymmetry in the splitting of the ,S2 multiplet. However, the separate data from the two gravimeters do not agree t o better than 0.15 per cent, an amount which is about the same as the theoretical asymmetry. The gravimeter data is apparently contaminated by some type of noise. The parameter ,al represents the relative amount by which the position of the eigenfrequency for m = 0 is shifted. If a multiplet can be resolved and the position of the m = 0 peak measured, then ,pl represents the amount by which this measurement must be corrected before comparison with the theoretical data of SNREI Earth models. It is seen that the corrections to the raw normal mode data due to the Earth's rotation and ellipticity are fairly small, on the order of 0.1 per cent. The values of ,,al in Tables 1-3 may be used as a first step in correcting the raw normal mode dpta. The SNREI Earth models used to compile Tables 1-3 all fit the raw normal mode data. If it is desired to make a better correction for ellipticity and rotation, it will first be necessary to construct SNREI Earth models which fit the partially corrected raw data, and then to compute new splitting parameters for these SNREI Earth models which fit the corrected (for ellipticity and rotation) raw Earth data. Model 5821 of was obtained by inverting corrected data. The parameters of Table 1 were used.
The eigenfrequencies of all radial modes ,So are unaffected to first order by ellipticity and rotation. For fundamental modes ,S, and oT, of higher angular order, the splitting due to ellipticity will completely dominate that due to rotation, since (fi/,o;) and (Q/,,w?) decrease as 1 increases. In this case the splitting looks nothing at all like Zeeman splitting, but instead the m = 0 member lies at one end of the multiplet while the m = + I members lie very close together and at the other end. Even for extremely high order fundamental modes, there will be a highly asymmetrical splitting of this type due to ellipticity. It has been pointed out by Backus (personal communication) 
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One consequence of the fact that high-order fundamental normal modes are split by about 0.2 per cent by the ellipticity is that it will not be possible to measure the Q of these modes by merely measuring the width of the unresolved spectral peak. This is because most of the broadening of an unresolved peak is due not necessarily to dissipation but to splitting. Thus, for these high-order fundamental modes, the lower limit of the spin gap introduced by Gilbert & Backus (1965) must be redefined to include perturbations due to ellipticity. Appendix C of this paper discusses further the manner in which the splitting interferes with measurements of the dissipation. It has been pointed out that the surface wave data of ToksGz & Ben-Menahem (1963) and Toksoz & Anderson (1966) indicate that for higher order fundamental normal modes, the Earth's rotation and ellipticity is no longer the dominant perturbing effect. It is most likely that the dominant perturbation for these higher order fundamental modes (for which the displacement is concentrated near the Earth's surface) is the effect of lateral inhomogeneities in the crust and upper mantle. A few preliminary studies of the nature of the lateral inhomogeneities in the Earth's upper mantle have been made by utilizing measurements of average phase velocities of surface waves over various great circular paths (Toksoz & Ben-Menahem 1963; Backus 1964; Toksoz & Anderson 1966) . At the present time, however, there is probably not sufficient information to write expressions for dp,, 6&,, 6rc and 6 p due to the regional variations in upper mantle structure. Toksoz & Anderson (1966) have shown that the surface wave phase velocity data cannot be explained by postulating just two different types of structure, one under continents and one under oceans. They have suggested that the distinction between continental shield areas and continental tectonic areas is as important as the more obvious continentaloceanic distinction. Even if there were sufficient information about lateral inhomogeneities 6po, S&, drc, dp, to compute the new matrix elements R, for any normal mode multiplet ,Sl or ,,T, the problem would still be more difficult than the ellipticity and rotation problem, because the matrix R i j would not in this case be diagonal. This means that for those normal mode multiplets significantly affected by the lateral inhomogeneities (which includes at least all fundamental modes with I greater than about 25, and probably fundamental modes of considerably lower angular order), a single normal mode cannot be characterized to zeroeth order by a single spherical harmonic xm. The normal modes of an Earth with asymmetrical lateral inhomogeneities will be to zeroeth order of the general form I with associated eigenfrequencies (The subscripts n and 1 dropped from the coefficients ,,a; in Section 2 have been added here.) Backus & Gilbert (personal communication) have pointed out an important consequence of the fact that a normal mode can no longer be characterized by a single y;": their statement (Backus & Gilbert 1961 ) that a low-frequency geophysical instrument placed at the Earth's north or south pole would observe only a single member of a multiplet (the member with m = 0) is erroneous when continentality plays an appreciable role in splitting the multiplet. For fundamental modes of high angular order (at least for I > 25) the geographical perturbations appear to be dominant; thus every normal mode is to zeroeth order of the form +,,(60)~~. and in particular every normal mode contains a term of the form .S:.
Thus every normal mode can have a non-zero amplitude at the Earth's north or south pole, and an instrument placed there will observe a broad envelope for every multiplet due to the splitting caused by lateral inhomogeneities. It is indeed unfortunate that a single instrument at the Earth's north or south pole will not succeed in producing high-quality normal mode data for modes of higher angular order. The installation of a world-wide array of low-frequency seismological instruments will be necessary if one wishes to resolve the high-order multiplets. For the low-order multiplets for which the rotation and ellipticity perturbations are dominant, polar stations should observe mainly m = 0 modes.
First-order displacement fields
In order to compute the second-order rotational perturbation of the eigenfrequency of a normal mode ,,SF or ,,Trn, it is necessary to introduce and to compute the first-order correction to the eigenfunctions. Correct to first order in (Q/,w;) or (Q/,,w;), the displacement field S of a normal mode $7 or ,,Tm of a rotating Earth model may be written S = nS;l+(Q,/zf,w,)n(Slr)p. The vector field .(Slr)y is the unique solution of the non-homogeneous equation (27) . The perturbation technique used in this case to determine corrections to the eigenfunctions is the perturbation theory of Hermitian operators using an expansion in powers of the perturbation (Kato 1966; Messiah 1966) . To deal with an Earth model which is ellipsoidal as well as rotating, it was decided to use Rayleigh's variational principle rather than perturbation theory of Hermitian operators to compute, correct to first order in ellipticity as well as rotation, the change in the eigenfrequencies. If the only desire is t o compute the first-order perturbation to the eigenfrequencies, the two methods are equivalent. The only reason that the former is more convenient in the present case is because it is easier to use the bilinear functional [6-Y(S, S)-wz6F(S, S)] than it is t o use the unique Hermitian operator associated with it. Denote this particular Hermitian operator by [6-Y-oz69-] . This operator is related to the bilinear form W ( S , S) -0 2 6 T ( S , S) by the equation
Y ( S , S) -w 2 69-(S, S).
In terms of this operator it is possible to use perturbation theory to compute the perturbation to the displacement field to first order in & , , as well as to first order in (R/,,wf) or (Q/,w:).
If the displacement field S of a normal mode of a rotating elliptical Earth can be expanded in the form S = So+ (Q/,,ol)Slr+~, St, then So, Sir, and S: can be computed. It has in fact been shown that rotation and ellipticity act to remove the degeneracy completely and that So is of the form ,SY, an eigenfunction of the unperturbed SNREI Earth model characterized by a single spherical harmonic r;l. The associated first-order fields ,,(Sir);" and ,,(SP)p are then the unique particular solutions of the non-homogeneous equations It is clear that if n(S1r)? is to be a solution of equation (27), then the inner product (,,(Sir);", 2 x ,,S;1) must necessarily be non-zero, and similarly if ,,(St);" is to be a solution of equation (30), the inner product (,(St)r, [SY -.o12 S F ] ,,SF) must be nonzero. Since equations (27) and (30) are solved in the SNREI Earth model by expanding ,,(S1');" and "(S,?? in series of vector spherical harmonics, this means that the expansion of can contain no vector spherical harmonics not in the expansion of 2 x ,,ST and that the expansion of ,,(S;)? can contain no vector spherical harmonics not in the expansion of [GY-,,o,ZW].S;". Note that the stipulation that the inner product (" (St)?, [SY -,,w12 897 ,,S;(> be non-zero is equivalent to the stipulation that the bilinear functional SV(, (S,') ;", ,SY) -,,wF S S ( , ( S~)~, ,,ST) be nonzero. It is thus possible to determine a great deal about the nature of the first-order displacement fields n(S,r)y and ,,(St);" without actually having to solve equations (27) and (30). In order to compute ,,(og)y from equation (26), it is however other perturbations such as lateral inhomogeneities are more important than ellipticity, the simple relation given above between the zeroeth order and first-order displacement fields is no longer valid. The perturbation to the displacement field .S? to first order in arbitrary small lateral inhomogeneities Sp,, S4,, SK and 6 p will in general be a much more complicated combination of poloidal and toroidal fields of various degrees I and orders m.
The most important conclusion to be drawn from the above discussion is the following fact. A normal mode of a non-SNREI Earth model will not consist of purely toroidal or of purely poloidal motion. Thus if one observes the normal modes of the real Earth and then somehow effects a separation of the motion into poloidal and toroidal motion (for example a gravimeter can observe only a poloidal displacement field as there is no perturbation of the gravitational potential associated with toroidal motion), then in the spectrum of the poloidal motion there will be peaks at toroidal eigenfrequencies, and in the spectrum of the toroidal motion, there will be peaks at poloidal eigenfrequencies. The amplitudes of the first-order displacement fields will in general of course be small, on the order of (SZ/,o,?) or (ll/,,ol'> or E, times the amplitudes of the zeroeth order displacement fields. In fact the signal to noise ratio has been so low in all existing data that the first-order displacement fields do not seem to have been detected. Nonetheless, their existence should not be overlooked in future analyses of the normal mode data. A qualitative explanation of the fact that the Coriolis force acts to couple poloidal and toroidal motion was given by MacDonald & Ness (1961).
Quasi-degeneracy
Whenever two degenerate eigenfrequencies .w2 and ,,.o1, of the unperturbed SNREI Earth model are so close together that the first-order corrections introduced by the perturbations are larger than InoI-,,.mrl, the theory in Section 2 becomes invalid. It is however possible to treat this quasi-degenerate case using perturbation techniques (Messiah 1966) . Consider a SNREI Earth model which has two eigenspaces ,,9, and ,,.Y,. associated respectively with quasi-degenerate eigenfrequencies ,,al and ,,,alr, and denote -(JD,)~ by A. Let P' be the orthogonal projection operator on the 21'+ I-dimensional space ,,3', defined relative to the inner product (31) (32) Taking the inner product of equation (31) Not only must A = ,,.wl.' -,,wl2 be very small compared to spacing between adjacent eigenfrequencies, but also if ,,Y, is of the form ,,9'f7 then .9,. must be of the form ,,&' F*l or. ,,.9'fk2, and if ,,Y1 is of the form ,,Y: then ,,.Y,. must be of the form ,,.9'& or ,,3'F*2. The most interesting case is the quasi-degeneracy of a poloidal multiplet of order 1 with a toroidal multiplet of order 1 +_ 1 since this is affected by both rotation and ellipticity to first order. In this case the eigenfunctions to zeroeth order are of the form a,+z,,,; each of these eigenfunctions is associated with a squared eigenfrequency p12 + ,,(Sw2);1 where ,,(bo2);1 is computed by determining the eigenvalues in equation (35). Fig. 3 is a diagram showing the eigenfrequencies ,,of and ,,w: of SNREI Earth model 1. The same diagram for models G1 and Q1 would look very similar. It can be seen that there are for this model several pairs of multiplets to which the quasi-degenerate perturbation theory must be applied. In particular, over a broad range of angular order numbers (from about 1 = 10 to about 1 = 25), the fundamental poloidal eigenfrequency is very nearly equal to the fundamental toroidal eigenfrequency
.
For example the degenerate eigenfrequencies owSl and are equal to within 0.15 per cent; the degenerate eigenfrequencies and are equal to within 0401 per cent. When the ordinary perturbation theory described in Section 3 of this paper is applied to fundamental modes & and TI in this range, the second-order rotational splitting parameter om; (Q/owl)2 generally turns out to be one or two orders of magnitude larger than the first-order parameter o p~( Q / o w I ) .
Also the first-order rotational displacement field o(S:)y in general turns out to be of about the same order as the zeroeth order displacement field oSy. This was taken as an indication that it would be necessary or at least more convenient to use a quasi-degenerate perturbation theory to examine the effect of rotation and ellipticity on these multiplets. This is the reason that Tables 1-3 were not extended to include fundamental modes with angular order 1 > 10. To zeroeth order in q, and in (Q/oo,?) or the fundamental modes for 10 < I c 25 will be of the form G , + T~+~, partly of poloidal nature and partly of toroidal nature. Presumably unless the near degeneracy of and is severe (as in the case of oS,l, oT12 and oS19, oT20 for this Earth model), any given mode will be primarily of one nature, so that one can speak of a primarily poloidal split multiplet and a primarily toroidal split multiplet. It can in fact be shown that in the limit when A is large compared to the ordinary perturbation parameters ,,al, "/I ,, "y,, and ,,.al,, ,,./Ilt, ,,. y1., the quasi-degenerate perturbation theory reduces to the ordinary theory (which gives rise to a purely poloidal split multiplet and a purely toroidal split multiplet, if the first and higher order displacement fields are neglected).
A forthcoming paper will discuss the results of the application of the quasidegenerate perturbation theory to the fundamental poloidal and toroidal modes in the range 10 < 1 < 25. It is likely that the quasi-degenerate theory for rotation and ellipticity alone will not suffice for many if not all of the multiplet pairs in this range because of the perturbation by the lateral inhomogeneities in the crust and upper mantle. If the effect of these lateral inhomogeneities is to be taken into account, the computations become much more involved; in general, it will no longer suffice to consider individually a single poloidal and toroidal multiplet pair.
The eigenfrequencies for the modes oT2 and , S , have never been accurately measured in any of the existing data, presumably because they have never been sufficiently excited, but for Earth models 1, G1, and QI, the two degenerate eigenfrequencies and lot are within about 10 per cent of each other. For these three SNREI Earth models, the spacing is not close enough to necessitate the use of a quasi-degenerate theory, but there may be other SNREI Earth models close in some sense to models 1, QI, or G1 for which the eigenfrequencies oo2' and lot are almost exactly equal. This question is being pursued. Since the modes oT' and lS1 have probably never been clearly observed, it is not clear whether a quasi-degenerate theory will in fact be necessary for the real Earth. Fig. 3 also reveals the close spacing between eigenfrequencies for model 1 of the modes I S 3 and $3, (within 0.5 per cent). These modes are coupled to first order by ellipticity but not by rotation. It can however be shown that in the second order approximation, rotation also will act to couple these two modes. Slichter (1967) has resolved three peaks near the theoretical eigenfrequencies of 1S3 and $, which he identifies as belonging to m = -2, m = -1 and m = +2 of multiplet 1S3. A quasi-degenerate theory, correct to first order in the ellipticity and to second order in rotation, for poloidal modes of order 1 and 1+2 is also presently being pursued, The fact that many normal modes (in particular fundamental modes in the range 1 = 10 to 25) will not be even to zeroeth order of a purely poloidal or a purely toroidal nature will certainly tend to hamper the problem of mode identification.
Summary and conclusions
Before attempting to use the Earth's normal mode data to investigate the interior properties of the Earth, it is essential to consider the various factors which may affect the precision of the data. Because of the very large extent of the non-uniqueness in the inverse problem and because of the relative mathematical simplicity, it is customary to include only SNREI Earth models in inverse problem calculations. In this case the fact that the real Earth is not a SNREI Earth model may be looked upon as one of the factors contaminating the raw data. It is necessary to correct the contaminated raw data for variations away from zero angular rotation, sphericity and isotropy. In this paper, Rayleigh's principle is used to provide an explicit scheme for computing first-order corrections to the theoretical eigenfrequencies of an arbitrary SNREI Earth model due to slow angular rotations and small asphericities and anisotropies. For the lower order fundamental normal modes, it is expected that the Earth's rotation and ellipticity are the dominant perturbing effects. The computed rotational and elliptical splitting parameters depend upon the properties p,,, IC, p of the unperturbed SNREI Earth model. In this paper, the eigenfrequencies ,,to; and , , t o : and the associated 21 + 1 dimensional eigenspaces were computed for three different SNREI Earth models, and then Rayleigh's principle and second-order rotational perturbation theory were used to determine the corrections to the eigenfrequencies, correct to first order in the ellipticity E, and to second-order in the rotation. The degeneracy of any multiplet ,,Sl or "T, is in general completely removed; to zeroeth order the eigenfunctions of a rotating elliptical Earth without geographical variations in properties can be characterized by a single spherical harmonic r;l.
The first-order effect of ellipticity and the second-order effect of rotation not only act to shift the entire multiplet but also cause the splitting of a multiplet to be asymmetrical. It is pointed out that another effect of rotation, ellipticity and lateral inhomogeneities is to give rise to the presence of small amplitude first-order displacement fields. In particular there will be poloidal fields at toroidal eigenfrequencies and toroidal fields at poloidal eigenfrequencies. 
where Bp,, &#I~, BK, 611 are given in equations (21) where I), the rotational potential, is equal to I)@) = -$[a2 r2 -(a. r)'] = -+a2 r2 sin%.
This may be reduced, using Gauss' Theorem, to If the SNREI Earth model pol K, p is such that there is a discontinuity in p, at r = b, then a surface integral contribution of the following form must be added to equation
Note that n(6w,p)fI is of the form
APPENDIX C
Interference with measurements of dissipation by giving the Q of each normal mode. The Q of a normal mode is defined as
The observed dissipative properties of the Earth may be conveniently described Q-' = -1 (-) AE
2n E
where AEIE is the fraction of the total energy of oscillation which is dissipated as heat in a single cycle. Equation (52) may be used to measure Q; an alternative method of measurement is to utilize an amplitude spectrum of the decaying signal. are excited to about the same level, then the measured width includes the total splitting width; it is thus possible to assign an upper bound Q,,, to the actual Q of the multiplet. If (Am), is the total splitting due to rotation and ellipticity, and if (Am), is the measured spectral peak width at the half-power level (the measured Q is Q = (Aw),/u), then an upper bound Qub is given by (Backus & Gilbert, personal communication)
The total splitting of a given multiplet may be computed from the coefficients in Table I . In Fig. 4 , graphs are provided which allow the determination for four fundamental poloidal modes of Q,, in terms of the measured Q (the measured Q = (Au),/w is &,). The rotational and elliptical splitting parameters of model 1 were used in preparing these graphs. The total width was not assumed to be merely Z21,y;l E , , as is the case for the higher order modes. Fig. 5 is a schematic indication of the line spacing for model 1 for the same four multiplets. Note that as 1 increases the splitting looks less and less like a Zeeman type splitting as the effect of ellipticity begins to dominate that of rotation. Similar graphs for other modes listed in Tables 1-3 could of course be easily constructed. It is seen that the effects of ellipticity and rotation can cause a serious uncertainty in the estimation of the Q's of the Earth's normal modes. The actual bounds are not exact since the computed splitting parameters for rotation and ellipticity depend upon the Earth model used, and since splitting due to effects other than rotation and ellipticity was neglected.
